Generalized Konishi anomaly relations in the chiral ring of N =1 supersymmetric gauge theories with unitary gauge group and chiral matter field in two-index tensor representations are derived. Contrary to previous investigations of related models we do not include matter multiplets in the adjoint representation. The corresponding curves turn out to be hyperelliptic. We also point out equivalences to models with orthogonal or symplectic gauge groups.
Introduction
Supersymmetric field theories are among the most interesting theoretical laboratories to investigate gauge theories in the strongly coupled regime. It is often possible to obtain exact results on the non perturbative dynamics. A recent prominent example is the usage of a generalized form of the well-known Konishi anomaly [1] to compute the exact effective superpotential [2] , see also [3] . This usage of generalized Konishi anomalies was motivated by the the Dijkgraaf-Vafa conjecture [4] . It says that the exact effective superpotential of a confining N =1 supersymmetric gauge theory can be computed using a matrix model whose action is given by the tree level superpotential of the field theory.
The prototypical example in this line of research is N=2 supersymmetric gauge theory softly broken to N =1 by a superpotential for the chiral multiplet in the adjoint representation. Let us briefly recall the construction of [2] . With the help of the generalized Konishi anomalies one finds algebraic relations for the gauge invariant operators
where φ is the scalar component of the chiral multiplet in the adjoint and W α the gaugino field. It turns out that R(z) takes values on a hyperelliptic Riemann surface and that T (z) defines a meromorphic differential on it. The superpotential can be evaluated in terms of period integrals on this Riemann surface. Much work has been devoted to generalize the approach of [2] to theories with different gauge groups and matter content, see the review [5] for a list of references. However, most of the work so far has been based on the presence of a chiral multiplet in the adjoint representation of the gauge group. One exception to this is [6] , [7] where orthogonal gauge groups with symmetric tensors and symplectic gauge groups with antisymmetric tensor have been considered. These theories also presented a puzzle in how to compute correctly the effective superpotential that took some time to resolve and understand completely [8] , [9] , [10] . Konishi anomalies for theories with chiral spectrum and no additional adjoints have also been studied in [11] , [12] , [13] .
Motivated by these developments we will investigate generalized Konishi anomaly relations for theories with unitary gauge groups and chiral matter multiplets in the symmetric and antisymmetric representation. Contrary to the SO/Sp case the two-index representations of unitary groups are complex, and therefore we need two chiral multiplets in conjugate representations. A different possibility is to combine a chiral multiplet in the antisymmetric representation with a chiral multiplet in the conjugate symmetric representation and eight fundamentals to cancel the chiral anomaly. Not including any further matter fields there are then three models we can consider.
The first two only differ in the choice of symmetry of the chiral multiplets
with ǫ = ±1. The gauge transformations are
where the star denotes complex conjugation and U is a unitary N ×N matrix.
The third model has a chiral fermion spectrum, it consists of an antisymmetric field A a symmetric field S and eight fundamentals Q f , where f = 1 . . . 8 denotes the flavor index.
with gauge transformations
For all models we will consider a polynomial tree level superpotential in XY or AS respectively. In the chiral case we will also include a coupling between the symmetric field and the eight fundamentals. We will discuss the classical vacua first and compute then the generalized Konishi anomalies. We also will show that one can define holomorphic matrix models [14] whose loop equations can be mapped in an large N expansion to the Konishi anomalies of the gauge theories. Models with this spectrum and an additional chiral multiplet in the adjoint representation have been investigated in [15] , [16] , [17] .
Non-chiral Models
In this section we will investigate the models with chiral multiplets in mutually conjugate (anti)symmetric tensor representations and tree level super-
Classical Moduli Space
As is well-known the moduli space of a supersymmetric gauge theory can be obtained as the critical points of the superpotential modulo complexified gauge transformations. In the case at hand it is useful to consider the variation
Note that XY transforms in the adjoint representation
This can be used to diagonalize XY = diag(ξ 1 1 N 1 , . . . , ξ d+1 1 N d+1 ) where the eigenvalues have to fulfill ξW (ξ) = 0 .
Note that independent of the particular choice of the couplings g k ξ = 0 is always a possible eigenvalue in a vacuum! We find therefore
Since the non-vanishing eigenvalues come from fields in the symmetric or antisymmetric representation the gauge symmetry breaking pattern is
We can arrive at this conclusion also in a slightly different way. For definiteness let us study the case of symmetric representations. Since the gauge group is complexified we can bring any vev of the field Y to the form Y = diag(0 N 0 , 1Ñ ). This breaks the gauge group in a first step to U(N 0 ) ⊗ SO(Ñ). Now we write
where a is a N 0 × N 0 matrix, b a N 0 ×Ñ matrix and c aÑ ×Ñ matrix. Notice now that a = b = 0 lies on the extended gauge orbit of U(N 0 , C) which leaves us with the matrix c that transforms as a symmetric representation of SO(Ñ, C) and can be diagonalized to c = diag
In this way we arrive at the gauge breaking pattern (10) for ǫ = +1. The case with antisymmetric representations works analogous. We can now chose Y = diag(0 N 0 , JÑ ) where
This breaks the gauge group to U(N 0 ) ⊗ SP (Ñ). The same arguments as before tell us that from X we obtain only a field c transforming under the antisymmetric representation of SP (Ñ) and c.JÑ can be brought into the
that breaks the group further to the second line in (10). We thus find that the moduli space consists of isolated points given by the eigenvalues ξ i of the adjoint valued matrix XY fulfilling ξ i W (ξ i ) = 0 and that the gauge breaking patter is described by (10).
Konishi Anomalies
Following [2] we will now discuss the chiral ring relations that follow from generalized forms of the Konishi Anomalies. It is useful to remember the general chiral ring relation
Here Φ (r) is a chiral operator transforming in the representation r of the gauge group and W α is the chiral operator corresponding to the gaugino field. Equation (13) holds as an equivalence relation inside the chiral ring. In our case this can be written more explicitly with the help of matrix representations as
where W α is in the fundamental N × N matrix representation and juxtaposition stands for matrix multiplication. 
The generalized Konishi anomaly is the anomalous Ward identity for a holomorphic field transformation:
As a relation in the chiral ring it can be written as
where the capital indices enumerate a basis of the representation r.
We will investigate the generalized Konishi relations corresponding to the field transformations:
Let us first show that these variations are indeed symmetric or antisymmetric respectively
and similarly for the variation with the W 2 insertion where one also has to use the chiral ring relations (14) . We will evaluate the tree level term and the anomalous term of the Konishi relation (18) for the variation δ 1 X now separately. The tree level term is
is a polynomial of degree d! Now we evaluate the anomalous term. (25) where Tr denotes the trace in the (anti)symmetric representation and tr the trace in the fundamental. We evaluate further
and
where in the last term we took the vacuum expectation value of the spinor values single trace operators to vanish. The third term in (24) gives the same result as (27) and the last term gives the same result as (26) Let us now compute the Konishi anomaly relation for the variation δ 2 X. Here it is useful to notice that
Using this and the previously derived relation for δ 1 X we find for the tree level term
where
For the anomalous term we find now
Taking these results together we obtain
As is well-known in the case of adjoint representations, the equation for R(z) defines a hyperelliptic Riemann surface. We can set R = y + W ′ and find thus
This equation has the somewhat unusual feature that y tends to ∞ as z goes to 0. This curve is a double cover of the z-plane with branchpoints at y = 0 and a distinguished branchpoint at y = ∞, z = 0. This branchpoint is always present and at the fixed locus z = 0 unless the coefficient
i vanishes the Konishi relations (32), (33) take the same form as the ones for SO gauge group with symmetric matter (ǫ = +1) or SP gauge group with antisymmetric matter (ǫ = −1). This could have been expected of course from our analysis of the classical moduli space which showed that in a generic vacuum with ξ = 0 the gauge group is either SO or SP . The special point ξ = 0 in the classical moduli space gives rise to the special fixed point at z = 0 in the quantum theory. As usual the gaugino condensates in the factor groups and their ranks are given by period integrals on (34)
where A i are compact cycles surrounding the cuts of y.
Matrix Model
Based on string theory considerations Dijkgraaf and Vafa [4] conjectured that the exact effective superpotential of a confining N =1 supersymmetric gauge theory can be computed with the help of a simple matrix model. This conjecture has been proved for many different models. The perturbative part of the conjecture can be proved using superfield techniques in perturbation theory [18] . A different approach is based on comparing the 1/N expansion of the loop equations of the matrix model with the Konishi anomaly relations of the field theory. This approach is non-perturbative in nature although it has to be emphasized that the Konishi anomaly relation as stated in (18) is proven to be exact only in perturbation theory. Of course, once a one-to-one map to the loop equations of the matrix model (and therefore string theory) is found, one can take this as evidence for the non-perturbative exactness of the Konishi anomaly relations. The precise definition of the matrix model has been worked out in [14] where the need of a holomorphic definition has been emphasized. We will follow this viewpoint here. The partition function of the holomorphic matrix model is given by
whereX andŶ are the matrices corresponding to the chiral multiplets X, Y of the gauge theory. They are thus complexN ×N matrices obeying (X T ,Ŷ T ) = ǫ(X,Ŷ ). |G| is a normalization factor including the volume of the gauge group and Γ is a suitably chosen path in the configuration space M of the matricesX,Ŷ with dim R (Γ) = dim C (M).
The matrix model action W (XŶ ) has the gauge symmetrŷ
where g ∈ GL(N , C). Before attempting to evaluate the path integral we therefore have to fix the gauge. Doing so we have to treat the two cases in slightly different ways. Let us start with ǫ = +1, i.e.X,Ŷ being symmetric. We chose the gaugeŶ = 1N . We could implement this via the BRST formalism. However, with this gauge choice the ghost sector decouples from the dX integrations. Furthermore, it is clear that only the symmetric part of the gl(N, C) valued ghost fields contribute. The gauge fixing is not complete, gauge transformations leavingŶ = 1N invariant, i.e. obeying gg T = 1 survive. Therefore after this partial gauge fixing we are left with a matrix model based on an SO(N, C) gauge group and a symmetric fieldX! At this point we can do a further gauge fixingX = diag(λ 1 , . . . , λN ) . This time of course the ghost sector contributes non-trivially and leads to the insertion of the Vandermonde determinant in the integral, which of course is the same one as for the SOtheory with symmetric matter. We find therefore [17] 
In the intermediate steps leading to this formula we have to chose an appropriate path Γ in the matrix configuration space including the ghosts such that all the integrals converge and λ i ∈ R. This is by now well-studied in many examples and we therefore do not give any more details. The interested reader is instead referred to [14] and chapter 6.1 in [15] . At this point one might conclude that the loop equation for our model is the same as the one for the SO model with symmetric matter and that therefore a relation to the Konishi anomalies of the field theory can not be established or could at most be established for the vacua with ξ = 0. This would be wrong for the following reason. The loop equations in the eigenvalue representation for the SO model follow from the identity
It is the insertion of . This variation is of course valid in the model based on the SO gauge group. In our model we should however not forget that the underlying gauge symmetry is GL(N , C) and thatX is a symmetric two-tensor under this symmetry. This reasoning shows that such an insertion is not gauge invariant in our model. Rather than (39) the underlying gauge symmetry instructs us to use the identity
corresponding to the variation δX = 1 z−XŶX respecting the GL(N , C) gauge symmetry. More explicitly the identity (40) is
We further define the matrix model resolvent as
and a polynomialf
Using
we find the loop equation
In the case when ǫ = −1 the discussion is similar. We can chose in a first step the gaugeŶ = JN . This leaves us with the residual gauge group SP (N, C) and a matter fieldX in the symmetric representation. The second step in the gauge fixing procedure is now to setXJN = diag(λ 1 , . . . , λN /2 ) ⊗ 1 2 . The eigenvalue representation of the partition function coincides therefore with the one of the model base on SP gauge groups and antisymmetric matter fields [10] 
The same reasoning as before leads us to consider
The resolvent is now defined as
and the matrix model polynomial is defined bŷ
The analogous calculations as before lead now to the loop equation. Concluding our results for the loop equations of the matrix models we find that
where the resolvent is defined by (43) or (50) respectively. To make contact with the Konishi anomaly relations in the field theories we expand in orders of κ which is equivalent to an expansion in 1/N
The expansion of the loop equations is
We also consider the differential operator δ = i N i
and apply it to the loop equation at O(0) to find
Now it is easy to see that the Konishi anomalies are formally reproduced by the first to terms in the 1/N expansion of the matrix model loop equations if we set
We also identify the filling fractions of the matrix model with the gaugino bilinears in the gauge theory κN i = S i The identification of T (z) in terms of matrix model quantities implies also the relation between the free energy F = −κ 2 log(Z) and the field theory superpotential
where we expanded F = ∞ k=0 κ k F k . This relation has also been found for the theories in [6] , [16] , [17] .
Non-Perturbative Superpotential and Normalization
In principle the formula (59) proves the relation between the effective superpotential and the matrix model partition function only up to an integration constant that is independent of the tree-level couplings g k . This integration constant is commonly taken as the Veneziano-Yankielowicz part of the gaugino superpotential. However, as emphasized already in [4] , [2] the matrix model does contain indeed all the information to compute also this nonperturbative contribution to the superpotential. We will illustrate this in the simplest example of a tree level superpotential consisting solely of a mass term, W = mtr (XY ).
The matrix model partition function is
We have made the dependence on the volume of the gauge group explicit and also consider an additional normalization constant K. We have also set κ = 1, F 0 and F 1 are therefore identified by there scaling inN . The Gaussian integration leads to
and writing K = αN 2 βN we find
(63) SettingN = S we therefore have
Setting now α = √ 2 Λ and β = Λ π ǫ/2 where Λ is interpreted as the scale of the underlying gauge theory and using (59) we compute the superpotential
which is the expected Veneziano-Yankielowicz superpotential with the scale matching Λ 3N low = Λ 2N −2ǫ m N +2ǫ . It is important to note that for higher order tree-level superpotentials and ǫ = −1 we have to take into account the effects described in [8] , [9] , [10] . For vacua in which the gauge group is broken to SP (N i ) with an antisymmetric matter field we should keep the corresponding S i gaugino condensates different from zero even in the case N i = 0 ("SP (0)" -gauge group factors).
Chiral Theory
In this section we want to study briefly the theory with chiral fermion spectrum. It has a chiral multiplet A in the antisymmetric representation, a chiral multiplet S in the conjugate symmetric representation and eight chiral multiplets in the fundamental representations which are needed to cancel the chiral anomaly. The superpotential we choose is given by
where V (z) is an even polynomial of order d + 1. Because of the symmetry properties of A and S odd powers in V vanish
Let us first study the classical moduli space. The equations of motion are
We can proceed now as in the non-chiral theory. By complexified gauge transformations we can bring S into the form S = diag(0 N 0 , 1Ñ ). This breaks the gauge group in a first step to U(N 0 ) ⊗ SO(Ñ). The fundamentals have to lie in the kernel of the matrix S and A we can divide into N 0 ×Ñ blocks
where q f are N 0 dimensional row vectors, a is an antisymmetric N 0 × N 0 matrix, b is a N 0 ×Ñ matrix and c is an antisymmetricÑ ×Ñ matrix; a = 0, b = 0 and q f = 0 all lie on an extended gauge orbit of U(N 0 , C). This leaves c which transforms as an adjoint under the SO(Ñ) residual gauge symmetry. By an SO(N 0 , C) gauge transformation we can bring it to the form c = diag(λ 1 1 N 1 ⊗ J 2 , . . . , λ N d 1 N d ⊗ J 2 ) which breaks the SO(Ñ) to a product of unitary gauge groups. Of course the non-zero λ i have to fulfill V ′ (λ i ) = 0. We find therefore the classical moduli space to consist of isolated points parametrized by λ i fulfilling λ i VTo go to an eigenvalue representation we have to possibilities. First we can chose the gauge S = 1N . In this case the integration over theQ f degrees of freedom are trivial and contribute only an overall factor to the normalization. The same is true for the integration over the ghosts that are needed in the gauge fixing. This leaves the residual gauge group SO(N) andÂ that transforms as an adjoint under this gauge group. So we end up with the eigenvalue model for an SO(N) matrix model and an adjoint fieldÂ [19] .
In the non-chiral models we had to take care now to keep track of the original gauge symmetry which enforced a different derivation of the loop equations.
What is then the correct Ward identity leading to the loop equations in the chiral model? It can of course be read off from the transformation that lead to the Konishi anomalies. In particular for the fieldÂ this is
The corresponding Ward identity in the eigenvalue representation is .
and also keep the number of flavors explicit. We find then is how these models are realized in string theory either using D5-branes wrapped on orientifolds of resolutions of generalized conifolds in type IIB string theory or as intersecting brane configurations a la Hanany-Witten in the type IIA/M-theory approach. We hope to come back to these questions in a future publication.
